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In this paper, a new direct Boundary Element Method (BEM) is presented to solve plates on elastic half

space (EHS). The considered BEM is based on the formulation of Vander Weeën for the shear

deformable plate bending theory of Reissner. The considered EHS is the infinite EHS of Boussinesq–

Mindlin or the finite EHS (with rigid end layer) of Steinbrenner. The multi-layered EHS is also

considered. In the present formulation, the soil stiffness matrix is computed. Hence, this stiffness

matrix is directly incorporated inside the developed BEM. Several numerical examples are considered

and results are compared against previously published analytical and numerical methods to validate

the present formulation.

& 2012 Elsevier Ltd. All rights reserved.
1. Introduction

In structural designs, soil-structural interaction problem is
always point of research where good representation is necessary.
One of the most common methods in design companies is the
Winkler spring method [1]. It is based on representing the soil as
individual springs. Such a model assumes the displacement of
soil medium at any surface point to be directly proportional to
the applied stress and independent of stresses applied to other
locations. The displacement occurs immediately under the
loaded area; whereas displacement outside this region is zero.
The Winkler method is mainly dependent on accurate determi-
nation of the coefficient of sub-grade reaction [2]. There is a
large range of sub-grade reaction values produced from many
methods such as experienced charts and methods based on the
theory of elasticity [2]. The Winkler method does not consider
coupling between springs through soil layers but relies on the
attached footing stiffness [2]. Moreover, the Winkler method
does not take soil layering and most engineers rely on the
surface layer properties or properties of an equivalent layer.
Although this method dates many decades, it is still used until
now because of its simplicity.

The two-parameter elastic models have been developed as
refined soil representations. These models use pre-defined two
independent elastic constants. Some of these models provide
mechanical interaction between Winkler individual springs using
ll rights reserved.

@bue.edu.eg (Y.F. Rashed).
elastic membrane, elastic beams, or elastic layers that carry soil
shear deformations. Examples of such models are the work of
Filonenko-Borodich [3,4], Hetenyi [5], Pasternak [6] and Kerr [7].
Other two-parameter models are based on simplified assump-
tions to the original elastic continuum model, such as the models
of Reissner [8] and Vlasov and Leontiev [9].

It has to be noted that, the sub-grade reaction modulus and
other soil parameters are not mechanical soil properties [2] but
they depend on the shape and the load pattern of the loaded area.

The ACI committee [10] suggested using an elastic half space
technique with the Boussinesq theory instead of the Winkler
model for accurate modeling. Unlike the Winkler and the two-
parameter models, the elastic half space method uses data
obtained from geotechnical investigations.

There are many models that treat soil as an elastic half space.
Among them are the models of Boussinesq [11] and Mindlin [12],
which consider the soil as an elastic, isotropic, homogenous, and
infinite half space. The Steinbrenner elastic half space model [13],
on the other hand, considers presence of a rigid layer under the
considered surface soil finite layer. Another method that analyzes
the soil under plates is the finite layer method [14] in which the
soil is divided into several horizontal layers.

Plates resting on elastic half space are studied with the finite
element method and the boundary element method besides
presence of some analytical solutions. This is considering thin
and thick plate theories. The application of the BEM to plate
bending problems modeled using the thin plate theory was
introduced by Bézine [15] and Stern [16]. Vander Weeën [17]
derived a BEM for plate bending problems based on the shear
deformable plate theory according to Reissner [18]. In the last 20
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years, the formulation of Vander Weeën [17] became a standard
formulation among researchers due to its stability and versatility.
The edited book of Aliabadi [19] contained several advanced
developments in BEM for plate bending problems using Vander
Weeën formulation. Rashed [20] extended the formulation of
Vander Weeën [17] to solve practical rafts on Winkler foundation.

Several researches have discussed the analysis of plates on
elastic half space. Selvadurai [11], Bowels [13], and Das [21]
proposed different methods of elastic analysis of soil–plate inter-
action. Hemsley [22] proposed an elastic solution for axisymme-
trically loaded circular plate with free and clamped edges on
Winkler springs and on a half-space. Chen and Peng [23] demon-
strated a finite element computation of plates on elastic half
space for various base-models. Timoshenko and Goddier [24] also
discussed few methods for soil–plate analysis based on the theory
of elasticity. Wang et al. [25] used bending of plates on an elastic
half-space analyzed by isoprametric finite elements. Wardle and
Fraser [26] carried out a finite element analysis of a plate on a
layered cross-anisotropic elastic half space. They also discussed a
numerical analysis of rectangular plates on layered elastic half
space in Ref. [27]. Ta and Small [14] carried out an analysis
of plates modeled by FEM on finite layered half space with
full analysis and another analysis uses some approximations.
Stavridis [28] proposed a simplified analysis of layered soil-
structure interaction. Wang et al. [12] provided an analysis of
rectangular thick plates on an elastic half space using Ritz method.
Wang et al. [29] demonstrated a plate on layered elastic half space
analyzed by a semi-analytical and semi-numerical method.

Considering the boundary element modeling for plates on
elastic half space, Syngellakis and Bai [30] discussed the applica-
tion of the boundary element method to thin plate on the
Boussinesq half space. Xiao [31] analyzed thick plates on elastic
half space using special form of the indirect boundary integral
formulation where in his analysis; results are obtained in terms of
two Hu functions [32] with no reference to physical variables.
The formulation of Xiao [31] produces hyper-singular kernels in
the integral equations. Therefore, in Ref. [31], the collocation
points are placed outside the boundary together with using
constant elements to avoid hyper-singular integrals. This leads
to limit the application of the method presented in Ref. [31] to
small problems of no practical use.

This paper presents a new practical technique of using the
Boundary Element Method (BEM) to solve plates on elastic half
space. The considered BEM is based on the formulation of Vander
Weeën [17] for the shear deformable plate bending theory.
The considered EHS is the infinite EHS of Boussinesq–Mindlin or
the finite EHS (with rigid end layer) of Steinbrenner. The multi-
layered EHS is also considered. In the present formulation, the soil
stiffness matrix is computed. Hence, this stiffness matrix is
directly incorporated inside the developed BEM.

Several numerical examples are presented and results are
compared against previously published analytical and numerical
methods to validate the present formulation.
2. Stiffness matrix for multi-layered elastic half space

In this section, the stiffness matrix of the elastic half space is
formed and modified to be ready to be fit into the proposed BEM
formulation in the next section.

2.1. Elasticity solutions

In this section, elastic solutions of Boussinesq, Mindlin and
Steinbrenner are reviewed. The EHS boundary (surface under the
plate) is divided into Nc area segments at which the displacement
is required to be computed in any segment due to loading at the
origin. The following sub-sections compute the flexibility matrix
of the overall EHS divisions.

2.1.1. Bousinessq solution

The displacement w X,Yð Þ of a point lying on the surface of an
elastic, isotropic, homogenous and infinite thickness half space
due to a concentrated load P acting at the origin (0, 0) is [11]

w X,Yð Þ ¼
1�vð ÞP

2pGr
ð1Þ

in which G¼ E=2 1þvð Þ is the shear modulus, E is the modulus of
elasticity, v is the Poisson’s ratio and

r¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2
þY2

q
:

In order to avoid singularity under loading when computing
w 0,0ð Þ, the concentrated loading is replaced by equivalent pres-
sure of intensity q over circular area of radius a [11], to give

w 0,0ð Þ ¼
1�vð Þqa

G
ð2Þ
2.1.2. Mindlin solution

Similar to Bousinessq solution, Mindlin solution considers
similar equation to Eq. (1) for the surface displacement w X,Yð Þ at
distance r¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2
þY2

p
. However, displacement under load is

computed by integrating the equivalent uniform load over rec-
tangular area (B� L) to give [12]

w 0,0ð Þ ¼
P

8pG 1�vð ÞB
3�4vð Þ bln

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þb2

q
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1þb2

q� �0
@
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A
1
A ð3Þ

in which b¼B/L.
It has to be noted that, displacement values computed from both

Boussinesq and Mindlin solutions could be multiplied by a factor to
account for the presence of rigid layer at limited depths [21].

2.1.3. Steinbrenner solution

It considers the displacement w of a rectangular loaded area of
dimension B� L on the surface of elastic half space having a finite
soil layer underneath the plate. Such a soil layer is above a rigid
layer. The displacement is computed based on theory of elasticity
as follow [13]:

w¼ qB
1�v2

E
m I1þ

1�2v

1�v
I2

� �
IF ð4Þ

where q is the equivalent uniform applied stress over the loaded
area (B� L), E is the modulus of elasticity and v is the Poisson’s
ratio. I1 and I2 are influence factors computed using equations
given by Steinbrenner [13] as follow:

I1 ¼
1

p Mln
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2
þ1

p� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2
þN2

p
M 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2
þN2
þ1

p� � þ ln
Mþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2
þ1

p� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þN2

p
Mþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2
þN2
þ1

p
0
@
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A ð5Þ

I2 ¼
N

2p tan�1 M

N
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2
þN2
þ1

p
 !

ð6Þ

in which M¼L/B, N¼H/B and H is the height of the soil layer above
the rigid layer. IF is the influence factor depending on plate
embedment depth D, in this work, IF is taken to be¼1 as all
considered plates in this paper are located on the EHS surface.
m is the number of corners contributing to displacement w. At the
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plate center m¼4, at a side point m¼2 and at a corner point
m¼1.
2.2. Displacement calculation due to multi-layered elastic half space

(Stavridis [28])

In this work, the method of Stavridis [28] to compute
displacement of multi-layered elastic half space is used. The EHS
is considered to be consisted of a finite number k of horizontal layers
over a rigid layer. Each layer i is defined by the distance

Zi measured from the EHS surface to the lower surface of the
layer and its elastic parameters are Ei,við Þ. The displacement of a
point S ws on a multi-layered EHS may be considered as the
superposed contribution of its layers ws,i Ei,við Þ as follows [28]:

ws ¼ws,1 E1,v1ð Þþws,2 E2,v2ð Þþws,3 E3,v3ð Þþ . . .. . .. . .. . .þws,k Ek,vkð Þ

ð7Þ

where

ws,i Ei,við Þ ¼ws Zi,Ei,við Þ�ws Zi�1,Ei,við Þ ð8Þ

after substituting Eq. (8) into Eq. (7) the surface displacement
could be obtained as follows:

ws ¼ ws Z1,E1,v1ð Þþ ws Z2,E2,v2ð Þ� ws Z1,E2,v2ð ÞÞð

þ ws Z3,E3,v3ð Þ�ws Z2,E3,v3ð ÞÞþ . . .. . .. . .. . .ð

þ ws Zk,Ek,vkð Þ�ws Zk�1,Ek,vkð ÞÞð ð9Þ
2.3. Computation of soil flexibility and stiffness matrices

The EHS part under the plate is divided into Nc area segments
in both of the X and the Y directions as shown in Fig. 1. Each
segment is loaded in its center by a vertical concentrated unit
load. This unit load is uniformly distributed over the segment
area. The resulting displacements at all segment centers are
computed using any of the previously mentioned displacement
Eqs. (1)–(4) or (9) for multi-layered EHS. All obtained displace-
ment values are arranged in a matrix form such that each load
case is arranged in a single column to form the soil flexibility
matrix ½F�Nc�Nc .
Fig. 1. Plate on elastic half space in the boundary element formulation.
The soil stiffness matrix ½K�Nc�Nc can be considered as the
inverse of the soil flexibility matrix, i.e.

½K�Nc�Nc ¼ ½F�
�1

Nc�Nc ð10Þ
3. The proposed BEM for plate on elastic half space

Consider an arbitrary plate of domain O and boundary G.
The plate is lying in the x1�x2 (X–Y) plane where x3 ¼ 0 is located
at the mid surface of the plate as shown in Fig. 1. The indecial
notation is used in this section where the Greek indexes vary from
1 to 2 and Roman indexes vary from 1 to 3. The Reissner plate
bending theory [18] is used in the present formulation, which is
suitable to model engineering foundations. The direct boundary
integral equation for such a plate can be written in the following
form (in the absence of body forces and domain loadings) [17]:

CijðxÞujðxÞþ
Z
GðxÞ

Tij x,xð ÞujðxÞdGðxÞ ¼
Z
GðxÞ

Uij x,xð ÞtjðxÞdGðxÞ ð11Þ

where Tij x,xð Þ, Uij x,xð Þ are the two-point fundamental solution
kernels for tractions and displacements respectively [17]. The two
points x and x are the source and the field points respectively.
ujðxÞ and tjðxÞ denote the boundary generalized displacements
(two rotations ua and vertical deflection u3¼w) and tractions.
CijðxÞ is the jump term. The symbols n and l denote the plate
Poison’s ratio and shear factor.

If the plate domain is placed over elastic half space, and both
the plate domain and the elastic half space domain (under the
plate domain) are discretized into c internal cells (c¼Nc), at
which the half space reaction is considered to vary constantly,
the boundary integral equation in (11) could be re-written as
follows:

Cij xð Þuj xð Þþ
Z
GðxÞ

Tij x,xð ÞujðxÞdGðxÞ ¼
Z
GðxÞ

Uij x,xð ÞtjðxÞdGðxÞ

þ
X

c

Z
Oc ðyÞ

Ui3 x,yð Þ�
n

1�nð Þl2
Uia,a x,yð Þ

" #
dOc yð ÞP3 yð Þ

( )
ð12Þ

where the P3 denotes the unknown interaction forces between
the soil cells and the plate internal cells. The new field point y
denotes the point of the soil internal cell center. In such a case,
another set of integral equations could be written at each soil
internal cell centers y to give

ui Yð Þþ

Z
GðxÞ

Tij Y ,xð ÞujðxÞdGðxÞ ¼
Z
GðxÞ

Uij Y ,xð ÞtjðxÞdGðxÞ

þ
X

c

Z
Oc ðyÞ

Uik Y ,yð Þ�
n

1�nð Þl2
Uia,a Y ,yð Þ

" #
dOc yð ÞP3 yð Þ

( )
ð13Þ

where Y is a new source point located at each soil cell center and
could denote any of the y points.

After discretizing the plate boundary to NE quadratic boundary
elements with N boundary nodes and the plate internal soil cells
to Nc, Eqs. (12) and (13) could be re-written in matrix form as
follows:

½A�3N�3N ½0� ½A2�3N�3Nc

½A1�3Nc�3N ½I� ½A3�3Nc�3Nc

" # fu=tg3N�1

fucg3Nc�1

fPg3Nc�1

8><
>:

9>=
>;¼

fRHSbg3N�1

fRHScg3Nc�1

( )

ð14Þ

where the matrix [A] and the vector RHSb

	 

denote the well-

known matrix of coefficients and the right hand side vector of
prescribed values due to collocation at a boundary point and after
applying the boundary conditions (recall Eqs. (11) or (12)) [17].
The Matrix [A1] together with the vector RHScf g are similar
identities to the matrix [A] and the vector RHSb

	 

but when
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collocating at internal soil cell center (recall Eq. (13)). The matrix
[A2] contains negative values of coefficients computed from the
second integral on the right hand side of Eq. (12). Similar to [A2],
the matrix [A3] contains negative values of coefficients computed
from the second integral on the right hand side of Eq. (13) after
adding the identity matrix to it (due to the free term ui(Y) on the
left hand side of Eq. (13)). The vector {u/t} denotes the unknown
boundary values; either being a displacements or tractions.
For example, for free edge plate, this vector contains unknown
values of boundary displacements. The vectors {P} and {uc}
contain unknown values of interaction forces between the plate
domain and the underneath elastic half space and the unknown
displacements at the centers of internal soil cells respectively. The
[0] and the [I] are the zero and the identity matrices respectively.
It has to be noted that if the plate is loaded by domain loading or
series of patch or concentrated loadings, the effect of such
loadings will be included in the vectors RHSb

	 

and RHScf g.

Recall the previous Section (2.3), the unknown values of
interaction forces between the plate domain and the underneath
elastic half space could be expressed in terms of the previously
derived stiffness matrix for the elastic half space, i.e.

fPg3Nc�1 ¼ ½K�3Nc�3Nc
fucg3Nc�1 ð15Þ

Substituting Eq. (15) into Eq. (14) gives

½A�3N�3N ½A2�½K�½ �3N�3Nc

½A1�3Nc�3N ½I�þ½A3�½K�½ �3Nc�3Nc

" #
fu=tg3N�1

fucg3Nc�1

( )
¼
fRHSbg3N�1

fRHScg3Nc�1

( )

ð16Þ

Eq. (16) could be solved to obtain the unknown boundary
values and internal displacement of the plate or the elastic
half space.

Elastic half space forces could be computed easily using
Eq. (15). Generalized displacements at any arbitrary internal point
x could be obtained using Eq. (13) by replacing Y by x. Stress
resultants (bending moments Mab and shear forces Q3b) could be
also computed at any internal field point x by modifying the
integral equations in Ref. [17] to include the effect of the elastic
half space forces, to give

Mab xð Þ ¼
Z
GðxÞ

Uabk x,xð ÞtkðxÞdGðxÞ�
Z
GðxÞ

Tabk x,xð ÞukðxÞdGðxÞ

þ
X

c

P3 yð Þ

Z
Oc ðyÞ

Uab3 x,yð Þ�
n

1�nð Þl2
Uaby,y x,yð Þ

" #
dOc yð Þ

( )

ð17Þ

and

Q3b xð Þ ¼
Z
GðxÞ

U3bk x,xð ÞtkðxÞdGðxÞ�
Z
GðxÞ

T3bk x,xð ÞukðxÞdGðxÞ

þ
X

c

P3 yð Þ

Z
Oc ðyÞ

U3b3 x,yð Þ�
n

1�nð Þl2
U3by,y x,yð Þ

" #
dOc yð Þ

( )

ð18Þ

Eq. (17) and (18) were presented according to the formulation
discussed in Ref. [20].
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Fig. 2. Displacement distribution for a centrally concentrated loaded square plate.
4. Numerical examples

In order to verify the present BEM elastic half space formula-
tion, several examples including square, rectangular and circular
plates under concentrated or distributed loads are considered.
The displacement results obtained from the presented technique
are compared to similar results obtained from previously pub-
lished results based on different analytical and numerical
approaches. Only Mindlin and Steinbrenner results are presented,
as Mindlin and Boussinesq solutions give very similar results.
In the present models, the plate is modeled using 16 quadratic
boundary elements and the number of used Gauss points is 10 for
numerical integration purposes along the boundary and 10�10
points for integration over domain cells.

4.1. Comparison to the Ritz method (Wang et al. [12])

The displacement results obtained from the present models
are compared to those obtained from Ritz method presented in
Ref. [12], which considers results based on both the Mindlin plate
theory (MPT) and the classical thin plate theory (CPT).

Only square plates are demonstrated in the examples in this
section. The considered plates are of uniform thickness h, width B,
modulus of elasticity Er and Poisson’s ratio vr , and resting on an
elastic half space of modulus of elasticity Es and Poisson’s ratio vs

with infinite depth. The plate-soil stiffness ratio Krs used by Fraser
and Wardle [27] is re-used in the comparison herein where
Krs ¼ 4Er 1�vs

2
� �

h3=3Es 1�vr
2

� �
B3. In the present models, 91 inter-

nal points are used to calculate results along the plate centerline.

4.1.1. Plate under central concentrated load

A square plate subjected to a central concentrated load P is
considered. Fig. 2 demonstrates the displacement parameters,
Iw ¼ EswB=½P 1�vs

2
� �

�, along the centerline of the plate with
the following parameters: h/B¼0.133, vr¼0.15, Krs¼0.126 and
vs¼0.15. It has to be noted that, in the present models, the soil is
divided into 81 stiffness cells.

It can be seen that all results are in excellent agreements.
The difference between the present models and the Ritz-MPT
model compared to the Ritz-CPT model demonstrates the effect of
the plate shear deformation.

4.1.2. Plate under uniformly distributed load

A square plate subjected to a uniformly distributed load pr is
considered. Fig. 3 demonstrates the variations of the displace-
ment parameter, Iw ¼ Esw=½pr B 1�vs

2
� �

�, along the centerline of
the plate for various Krs values and h/B¼0.15. In the present
models, the soil is divided into 961 stiffness cells. It can be seen
that all results are in good agreement.

4.1.3. Plate under central square patch load

A square plate subjected to a central square patch load is
considered. The size of the central patch load is defined by the
parameter c/B. Figs. 4–6 demonstrate the variations of the
displacement parameter, Iw ¼ Esw=½pr B 1�vs

2
� �

�, along the plate
centerline for various Krs values and for c/B¼0.25, 0.50 and 0.75,
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Fig. 3. Displacement distribution for a uniformly distributed loaded square plate.
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Fig. 4. Displacement distribution for a centrally patch loaded square plate with

c/B¼0.25.
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Fig. 5. Displacement distribution for a centrally patch loaded square plate with

c/B¼0.50.
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Fig. 6. Displacement distribution for a centrally patch loaded square plate with

c/B¼0.75.
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Fig. 7. Displacement distribution for a side-long patch loaded square plate with

c/B¼0.25.
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Fig. 8. Displacement distribution for a side-long patch loaded square plate with

c/B¼0.50.
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respectively where the value of the plate constant h/B is 0.15.
In the present models, the soil is divided into 81 stiffness cells.

It can be seen that all results are in good agreement. A very
small value of c/B is equivalent to concentrated load, whereas, a
large value of c/B can be regarded as a uniformly distributed load.
The effect of the plate shear deformation is obvious in the Ritz-
MPT model and in the present models rather than the Ritz-CPT
model for low values of Krs.
4.1.4. Plate under side-long rectangular patch load

A square plate subjected to a side-long rectangular patch load
is considered. The size of the side-long patch load is defined by
the parameter c/B. Figs. 7–9 demonstrate the variations of the
displacement parameter, Iw ¼ Esw=½prB 1�vs

2
� �

�, along the plate
centerline for various values Krs and for c/B¼0.25, 0.50 and 0.75,
respectively where the value of the plate constant h/B is 0.15.
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It has to be noted that, in the present models, the soil is divided
into 961 stiffness cells.

It can be seen that, all results are in good agreement. Similar
conclusions could be drawn a those in Section (4.1.3).
4.2. Comparison to the formulation of Syngellakis and Bai [30]

In this example, the displacement results obtained from the
present models are compared to those obtained from the BEM
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Fig. 9. Displacement distribution for a side-long patch loaded square plate with

c/B¼0.75.
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Table 1
Displacement of a circular plate under uniform load.

Solution W(0)/Wo

Kr¼0 Kr¼0.1 Kr¼1

Syngellakis and Bai [30] BEM mesh 1 1.972 1.663

Syngellakis and Bai [30] BEM mesh 2 1.969 1.677

Syngellakis and Bai [30] BEM mesh 3 1.964 1.68

Hemsley [22] 1.96 1.685

Timoshenko and Goddier [24] 2

Present Mindlin solution mesh 1 1.967 1.942 1.708

Present Mindlin solution mesh 2 1.977 1.944 1.712

Present Mindlin solution mesh 3 1.983 1.943 1.719

Present Steinbrenner solution mesh 1 1.984 1.959 1.72

Present Steinbrenner solution mesh 2 1.99 1.956 1.721

Present Steinbrenner solution mesh 3 1.994 1.953 1.726
analysis of thin plate on Boussinesq half space reported by
Syngellakis and Bai [30].

A circular plate with free edge boundary condition and sub-
jected to a uniform load p is considered. The plate has a uniform
thickness h, radius a, modulus of elasticity Er , Poisson’s ratio vr ,
and resting on an infinite elastic half space of modulus of
elasticity Es and Poisson’s ratio vs.

The plate-soil stiffness ratio used in this comparison is
Kr ¼ Er 1�vs

2
� �

h3=Es 1� vr
2

� �
a3.

The values: h¼0.1 m, a¼1 m, Es ¼21 MPa, vr � vs ¼0.2 are
used in the comparison.

In the present models, the soil is modeled using three meshes.
The numbers of stiffness cells used are 97, 177, and 277 for
meshes 1, 2 and 3 respectively. Twenty-eight internal points are
used to calculate results along the plate centerline.

Fig. 10 demonstrates the displacement results of the present
models using both of Mindlin and Steinbrenner solutions based
on mesh 2. These results are compared to those of Syngellakis and
Bai [30] together with previous predictions of hybrid finite-
surface element scheme by Hemsley [22]. Table 1 demonstrates
the displacement results for the above-mentioned numerical
models and the analytical theoretical predictions for plates with
negligible rigidity (Kr¼0) and another time with infinite rigidity
(Kr¼N) analyzed by Timoshenko and Goodier [24]. It has to be
noted that, the computed displacement is divided by the quantity
Wo ¼ pa 1� vs

2
� �

=Es to allow dimensionless comparisons.
It can be seen that all results are in good agreement.

The present models are a bit closer to results given by Hemsley
[22], which confirms the accuracy and the validity of the present
formulation.

4.3. Comparison to the finite layer formulation of Ta and Small [14]

A uniformly loaded rectangular plate and a square plate
under four concentrated loads are presented in this example.
The present Mindlin and Steinbrenner solutions are considered
and their results are compared to published results of Ta and
Small [14], which considers FEM for plates on elastic half space
solved by the finite layer method using two analyses: a full and an
approximate analysis.
4.3.1. Rectangular plate under uniform load on infinite single-

layered elastic half space

The plate demonstrated in this example is subjected to a uniform
load of intensity pr and has thickness h, length L and width B, where
L/B¼2. Modulus of elasticity is Er and Poisson’s ratio is vr . The plate
is resting on an elastic half space of modulus of elasticity Esand
Poisson’s ratio vs with infinite depth. The plate-soil stiffness ratio
W(a)/Wo

Kr¼N Kr¼0 Kr¼0.1 Kr¼1 Kr¼N

1.309 1.408

1.331 1.432

1.329 1.439

1.363 1.465

1.57 1.273 1.57

1.577 0.783 1.4 1.519 1.578

1.583 1.228 1.411 1.528 1.585

1.597 1.338 1.425 1.543 1.6

1.588 0.79 1.409 1.531 1.59

1.593 1.233 1.419 1.537 1.595

1.605 1.343 1.431 1.551 1.607
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used in the comparison is Krs ¼ 4Er 1�vs
2

� �
h3=3Es 1�vr

2
� �

B3. In the
present models, the soil is divided into 496 stiffness cells.

Fig. 11 demonstrates the variations of the displacement para-
meter, Iw ¼ Esw=½ prB 1�vs

2
� �

� at points A, B, C and D (See Fig. 11)
in the plate for various Krs values. The displacement results
obtained from the present models using both Mindlin and
Steinbrenner solutions are compared to those results obtained
from Ta and Small [14] as well as results analysis of Fraser and
Wardle [27]. It can be seen that all results are in good agreement.
4.3.2. Square plate under four concentrated loads on two-layered

elastic half space

The displacement results obtained from the present models
using Steinbrenner solution are compared to those obtained from
Ta and Small [14].

The plate demonstrated in this example is a square plate of
uniform thickness h¼0.4, length B¼12 m, modulus of elasticity
Er¼3000 and Poisson’s ratio vr¼0.2. The plate is resting on a

two-layered elastic half space and has a rigid end layer.
The elastic parameters of each layer from the upper layer down
to the lower one above the rigid layer are as follow:

Modulus of elasticity Es1 ¼1 MPa, Poisson’s ratio vs1¼0.3 and
thickness H1¼4 m.

Modulus of elasticity Es2 ¼5 MPa, Poisson’s ratio vs2¼0.3 and
thickness H2¼6 m.

The plate is loaded by four concentrated loads (two P1 loads at
the right and two P2 loads at the left). Each load is located at a
distance B/4 in both direction of X and Y from the nearest corner
as demonstrated in Fig. 12.
In the present model, the soil is divided into 441 stiffness cells.
Fifty-five internal points are used to calculate results along the
column strip which includes both loads P1 and P2.

Fig. 12 demonstrates the effect of the load ratio P2/P1 on the
non-dimensional displacement parameter I¼ 4wDr =P1 B2 along
the strip A–A (see Fig. 12), where w is the vertical displacement of
the plate and, Dr ¼ Er h3=½12 1�vr

2
� �

�, is the flexure rigidity of
the plate.

It can be seen from Fig. 12 that, the results of Steinbrenner
solution in the present model are in a good agreement with those
of Ta and Small [14].

4.4. Comparison to the work of Wang et al. [29]

Uniformly loaded square and trapezoidal plates resting on an
elastic half space are considered herein. The present results are
compared to those of Wang et al. [29].

4.4.1. Square plate under a uniform load and resting on infinite

single-layered elastic half space

The displacement results obtained from the present models
using both Mindlin and Steinbrenner solutions are compared to
several referenced work including Wang et al. [29], the spline
method [23], the displacement method [23] and the FEM for plate
on half space [25].

The plate demonstrated in this example is subjected to a uniform
load of intensity pr¼0.98 MPa and has thickness h¼0.2 m and
length L¼4 m. Modulus of elasticity is Er¼0.343�105 MPa and
Poisson’s ratio is vr¼0.167. The plate is resting on an elastic
half space having modulus of elasticity Es¼0.343�103 MPa and
Poisson’s ratio vs¼ 0.4 with infinite depth.

In the present models, the soil is presented with 3 meshes. In
meshes 1, 2 and 3, the soil is divided into 4�4, 6�6 and 8�8
stiffness cells respectively. Table 2 demonstrates the computed
displacements at the center point of the plate. It can be seen that
all results are in good agreement.

4.4.2. Square plate under uniform load and resting on finite single-

layered elastic half space

The displacement results obtained from the present models
using both of Mindlin and Steinbrenner solutions are compared to
those obtained from the analysis of Wang et al. [29] and the
equivalent method presented in Ref. [27].

The plate demonstrated in this example is a square plate
subjected to a uniform load of intensity pr¼0.1 MPa and has
thickness h¼0.5 m and length L¼10 m. Modulus of elasticity is
Er¼0.15�105 MPa and Poisson’s ratio is vr¼0.2. It is resting on



Table 2
Displacement at the center of a square plate under uniform load on an elastic half space.

Spline

method [23]

Displacement

method [23]

FEM for plate on

half space [25]

Wang et al.

method [29]

Present Mindlin

solution

Present Steinbrenner

solution

Mesh (4�4) 0.01054 0.01054 0.01068 0.01045 0.01066 0.01085

Mesh (6�6) 0.01059 0.01059 0.01063 0.01052 0.01062 0.01074

Mesh (8�8) 0.01062 0.01062 0.01061 0.01060 0.01065 0.01075

Table 3
Displacement at the center, mid-edge and corner of a square plate on an elastic

half space.

Equivalent

method [27]

Wang et al.

method [29]

Present

Mindlin

solution

Present

Steinbrenner

solution

Center point 0.0107 0.0129 0.0103 0.0104

Mid-edge point 0.0078 0.0950 0.0083 0.0082

Corner point – 0.0663 0.0066 0.0062

Fig. 13. Four-layered elastic half space.

Table 4
Displacement at the center and mid-edge of a square plate on a multi-layered

elastic half space.

Equivalent

method

[27]

Numerical

method

[26]

Wang et al.

method

[29]

Present

Mindlin

solution

Present

Steinbrenner

solution

Center point 0.0107 0.0114 0.0120 0.0094 0.0097

Mid-edge point 0.0078 0.0870 0.0089 0.0076 0.0077

Fig. 14. Trapezoidal plate layout.
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a one-layered elastic half space of modulus of elasticity
Es¼0.832�102 MPa, Poisson’s ratio vs¼0.3 and it has a rigid
end layer at depth H¼40 m.

In the present models, the soil is divided into 64 stiffness cells.
Table 3 demonstrates the computed displacements at the center,
mid-edge and corner points of the plate. It can be seen from
Table 3 that, the results of the present models are a bit closer to
results given by the equivalent method [27], which confirms the
accuracy and the validity of the present formulation.
4.4.3. Square plate under a uniform load and resting on multi-

layered elastic half space

The displacement results obtained from the present models using
both of Mindlin and Steinbrenner solutions are compared to those
obtained from the analysis of Wang et al. [29] and both of the
equivalent method in Ref. [27] and the numerical method in Ref. [26].

The plate demonstrated in this example is the same plate
demonstrated in the previous Section (4.4.2). It is resting on four-
layered elastic half space and it has a rigid end layer, (see Fig. 13). The
elastic parameters for each layer starting from the upper layer down
to the lower one above the rigid end layer are given as follow:

Es1¼100 MPa, Poisson’s ratio vs1¼0.3 and thickness H1¼10 m.
Es2¼80 MPa, Poisson’s ratio vs2¼0.3 and thickness H2¼10 m.
Es3¼60 MPa, Poisson’s ratio vs3¼0.3 and thickness H3¼10 m.
Es4¼100 MPa, Poisson’s ratio vs4¼0.3 and thickness H4¼10 m.

It has to be noted that, the equivalent layer (according to
Bowels [13]) to these layers gives Es¼0.832�102 MPa and
vs¼0.3, which are similar values to those used in Section (4.4.2).

In the present models, the soil is divided into 64 stiffness cells.
Table 4 demonstrates the computed displacements at the center
and mid-edge points of the plate.

It can be seen that all results are in good agreement. The
present results in the current example are a bit less than those
obtained from the equivalent layer in the previous Section (4.4.2)
because of the presence of a strong top soil layer. This could be
overcome by considering more refined layering system, which is
out of the scope of the present work.
4.4.4. Trapezoidal plate under uniform load and resting on finite

single-layered elastic half space

The displacement results are compared to those obtained from
the analysis of Wang et al. [29].

The trapezoidal plate demonstrated in Fig. 14 is considered in
this example. The plate is subjected to a uniform load of intensity
pr¼1 MPa and has thickness h¼2 m, modulus of elasticity is

Er¼0.26�105 MPa and Poisson’s ratio is vr¼0.167. The plate is
resting on a single-layered elastic half space with modulus of
elasticity Es¼0.26�103 MPa and Poisson’s ratio vs¼0.25 and
with a rigid end layer at depth H¼50 m.



Table 5
Displacement at different points on a trapezoidal plate on an elastic half space.

Wang et al.

method [29]

Present Mindlin

solution

Present

Steinbrenner solution

Point P1 0.0244 0.0260 0.0256

Point P2 0.0254 0.0255 0.0250

Point P3 0.0220 0.0268 0.0263

Point P4 0.0226 0.0259 0.0255

Point, P5 0.0260 0.0280 0.0276
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In the present models, the soil is divided into 811 stiffness
cells. Table 5 demonstrates the computed displacements at the
points P1, P2, P3, P4 and P5 (shown in Fig. 14). It can be seen that
all results are in good agreement.
5. Conclusions

In this paper, a new boundary element formulation for analysis
plates resting on elastic half space was presented. In this for-
mulation, the considered plate was modeled using the shear
deformable plate bending theory. The soil flexibility matrix under
arbitrary shaped plates was computed using elastic solutions of
Boussinesq, Mindlin and Steinbrenner. Then, this flexibility
matrix was inversed to get the soil stiffness matrix. This stiffness
matrix was incorporated inside a developed BEM that accounts
for the underneath elastic half space.

Several numerical examples were considered and the obtained
results were compared against previously published analytical
and numerical methods. It was demonstrated that, results of the
present formulation are in good agreement with those obtained
from other analytical and numerical methods.

The present formulation could be used in structural engineering
practice. As an additional advantage of the present formulation is, it
can be straightforward extended to analyze displacement of adjacent
foundation plates due to adjacent newly constructions, which will be
considered in a future research.
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