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Eshelby inclusion theory
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* Introduce a new damage modeling using Eshelby
theory of equivalent inclusions coupled with direct
boundary integral equation for 2D elasticity
problems.

 Boundary only discretization is needed, despite of
the damage inside the domain.

* A finite-element like stiffness matrix is formed which
is obtained directly in a condensed form on the
boundary.



Continuum damage mechanics

It is the study of stiffness degradation of the medium under
certain load from continuum mechanics point of view
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The damage is modeled using
damage variable
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Assumptions:

. Damage is isotropic and elastic.

. The material is quasi brittle (damage is due to
tensile strain only).

. Poisson ratio is assumed constant



Damage Modeling

In Finite element method the problem is straight forward as
the domain is discretized
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In the Boundary element method the problem is not

direct as the boundary only is discretized.

Solution:

1-Coupling with Finite element method.

2- Using Subregions

3- Using Cells with applied initial stress or strain



Eshelby equivalent inclusion theory

" Eshelby solves the problem of inhomogeneity by solving
the problem as a homogeneous one with a prescribed

strain (eigenstrain) applied at the inhomogeneity

locations.

Problem with inhomogeneities Homogeneous problem
with equivalent inclusions

{gim}c — [Simjk]{gjpk



Elasticity equations
o;;; =0  Equilibrium equation
o-ij — Cijklgkl Hook’s Law

With the presence of eigenstrain:
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Application of Eshelby theory to direct BEM

" Displacement boundary integral equation
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" Relation between the applied strain and the eigenstrain
{gim}oPPled = [ekimjk]{g;')k



Rearrange the above three equations to be:

F} = [K|{u;

|K] is the stiffness matrix of the damaged domain

obtained directly on the boundary (in a condensed form).

As the elastic properties of the problem changes at each

load step so the problem is nonlinear.

At each load step the system of equations is solved using

a nonlinear solution technique.



Intersected circular inclusions
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Staggered circular inclusions
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b) Discretized problem

a) Actual problem



Solution Algorithm:

g = \/(£1)? + (£3)?

U, Uz



Fixed-Fixed Beam:
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Force (kN)
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Fixed-Fixed Beam(Damage pattern):

uy=0.218 mm

q e,

Load1=40.5 kN
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Load»= 49.7 kN

uy=0.216 mm
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Intersected pattern

The damage scale (D): M-i:i

uy=0.597 mm
Staggered pattern



Nonlocal damage
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Mesh dependence
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Strain softening



Nonlocal damage

R R Staggered circular

~
.....\\

Intersected

\

inclusions (two

\
\
LN

circular inclusions

(one diameter) - ve @000 0 0 diameters)
-5 00 00 o(a)e XXX XX BN
o000 00 00 o0 eeo0o0o0 00
/’o'oooooooooooooooooo \
M00000000000000000(0)(e)e 00
;ooooooooooooo.oooooo@ooool
/900000 R EERENEREIODOILEXN
pooooeo o0 o000 00000 000!
lopooeoe " 000000000 OCOS!
//:ooo e0ce(lececcoe,
'leyo 0 0 @  EEXNENENNNNNY
Investigation ‘o0 00 o ©0000000 0000
_ oo o 0000000 000
points \eooeo X EEEEEEEXEXXX)
YK AR
TS~.s0000000000000000 009
------ 200000000000 o’
------- as---"
2
1 r 0<r<R
Fuxp) = | “(r)f(X)dS/ | a@yas ar)={(1-7z) 0=r<
S S 0 r>R



Simply supported beam:

100 mm
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Damage Pattern:
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Simply supported beam
with notch: I
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Pattern using damage averaging:

Load level=892.20 N

uy=0.038 mm uy=0.040 mm
Load level= 1201.50 N

uy=0.065 mm uy=0.070 mm
Load level= 1282.20 N

uy=0.088 mm uy=0.098 mm
Present solution Reference [8]

The damage scale (D): [ _” i 1 -



Pattern using strain averaging:

Load level = 892.20 N

uy=0.039 mm uy=0.040 mm
Load level = 1201.50 N

uy=0.065 mm uy=0.070 mm
Present solution Reference [8]

The damage scale (D): lﬂnz i o



Load (N)

Comparing inclusion diameters:
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The End

Thanks for your kind attention
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